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We study graviton-graviton scattering in partial-wave amplitudes after unitarizing their Born
terms. In order to apply S-matrix techniques, based on unitarity and analyticity, we introduce an
S-matrix free of infrared divergences. This is achieved by removing a diverging phase factor related
to the infinite-range character of the interactions mediated by graviton exchange in the crossed
channels. A scalar graviton-graviton resonance with vacuum quantum numbers (JPC = 0++) is
obtained as a pole in the nonperturbative S-wave amplitude, which we call the graviball. Its resonant
effects along the physical real s axis may peak at values much lower than the UV cutoff of the theory.
For some scenarios, this phenomenon could have phenomenological consequences at relatively low-
energy scales.
The application of quantum field theory to scattering
in gravitational theories has a long history of remark-
able results [1–7]. A rich direction has been the study of
an S-matrix formulation in different regimes, where the
interplay with string theory and black-hole physics has
been particularly successful [8–15]. The main purpose
of our work is to explore a new complementary aspect
in this program by considering the unitarization of the
lowest-order graviton-graviton scattering, or Born ampli-
tude, at energies below the Planck mass.
A particular motivation for our study is to determine
whether the scattering in this kinematic region is reso-
nant. Recall that for pure non-abelian Yang-Mills there
is theoretical evidence that its spectrum is filled by mas-
sive states (glueballs) emerging from the self-interactions
of the gluons [16–19]. In full quantum chromodynam-
ics (QCD) these states lead to a new form of matter
and studies have identified resonances measured in ex-
periment as having a dominant glueball nature [20–23].
To address this question, we deal with the quantum for-
mulation of general relativity within the framework of
effective field theory (EFT) where gravitational interac-
tions are organized in a derivative expansion [6, 24–28].
This framework has been used in the scattering of par-
ticles with different flavors induced by graviton exchange
in the s-channel [29–31], where the importance of non-
perturbative effects to restore unitarity at s ∼ N G−1
is emphasized, with G the gravitational constant and N
the number of fields. However, none of these references
address the scattering of particles with the same flavor.
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In this case, contributions from the exchange of gravi-
tons in the crossed channels lead to infrared divergences
in the partial-wave amplitudes (PWAs) (see also [12]).
As shown in the classical reference [32] they can be re-
summed into a global (irrelevant) phase common to all
amplitudes (see also [33–35]). By eliminating this phase
we build a new S-matrix which can be treated with non-
perturbative unitarity methods for its PWAs.
The resulting S-wave PWA has a resonance pole, or
graviball, with vacuum quantum numbers (JPC = 0++).
Its pole position sP (in the Mandelstam variable s) has
an absolute value below G−1 and its resonance effects
may peak towards much lower values. Besides its theo-
retical significance, this may open up several phenomeno-
logical implications to test quantum gravity at energies
lower than the cutoff, like in studies of primordial gravita-
tional waves. In particular, in theories with large number
of light degrees of freedom [36, 37], which may also apply
for models of large extra dimensions [38–40], the posi-
tion of the pole becomes |sP |  G−1 and its effects may
be relevant for scales probed during inflation. Further-
more, in these models, the resonance may also modify
the gravitational phenomena at scales as low as µm (cor-
responding to a UV cutoff around the TeV scale).
Framework.– We focus on the graviton-graviton scat-
tering process |p1, λ1〉|p2, λ2〉 → |p′1, λ′1〉|p′2, λ′2〉, where
we denote by |p, λ〉 the one-graviton state of three-
momentum p, energy p0i = |pi| and helicity λ. The
S- and T -matrix operators are related by S = I +
i(2pi)4δ(4)(Pf − Pi)T , with Pf and Pi the total final and
initial four-momenta, respectively, and we follow the con-
ventions of [41]. The basic input blocks for our study are
tree-level or Born amplitudes, that we adapt from [42].
They are given according to the number of gravitons with
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2helicity −2 and can be obtained by crossing from
F22,22(s, t, u) =
κ2
4
s4
stu
, (1)
where s, t and u are the usual Mandelstam variables,
κ2 = 32piG, and F refers to the Born amplitudes.
The graviton-graviton scattering amplitudes can also
be expressed in the basis with well defined angular mo-
mentum |pJ, λ1λ2〉S , leading to the PWAs,
T¯
(J)
λ′1λ
′
2,λ1λ2
(s) ≡ S〈pJ, λ′1λ′2|T |pJ, λ1λ2〉S , (2)
where the subscript S denotes the Bose symmetry of the
states [41]. Since J and H commute one can always con-
sider such basis for the continuum spectrum of the theory.
Even if the PWA series does not converge in graviton-
graviton scattering [12, 43, 44], certain processes will be
dominated by a particular PWA, for instance, the phys-
ical effects of the rescattering of two gravitons produced
with the quantum numbers of a given partial wave or
due to interferences with other forces. The S-matrix in
partial waves S¯(J)(s) is given by [41]
S¯(J)(s) = I + i
pi2|λ|/4
4
T¯ (J)(s) , (3)
with |λ| = |λ′2 − λ′1| = |λ2 − λ1| = 0 or 4. Uni-
tarity, when saturated by the two-graviton cut, implies
S¯(J)S¯(J)∗ = 1. Contributions of the cuts given by more
intermediate gravitons are suppressed by O((Gs)3) in the
low-energy EFT of gravity, and we will ignore them. We
only consider the partial waves T
(J)
22,22(s) (for even J) and
T
(J)
2−2,2−2(s), since all the other PWAs are either zero, or
related to the previous ones by symmetry.
Infrared singularities.– The direct application of the
previous PWA formalism to the amplitudes (1) is hin-
dered by divergences reflecting the infinite-range charac-
ter of the gravitational interaction [12]. For instance, the
PWA of the Born amplitude T22,22(s, t, u) with J = 0 is
given by
F
(0)
22,22(s) = −
κ2s2
16pi2
∫ +1
−1
dcos θ
t
, (4)
which has a logarithmic divergence for cos θ → 1. This
is actually an infrared (IR) divergence because the four-
momentum squared of the t-channel exchanged graviton,
which is equal to t, vanishes for cos θ → 1. It is associated
to a virtual soft graviton that connects two external on-
shell graviton lines, following the classification of [32].
This reference studies in detail this type of divergences
and shows that they can be resummed correcting the
S-matrix by a global phase. For our case, where the
external particles are massless, this factor reads
Sc(s) = exp
[
−i2Gs log µ
L
]
, (5)
where µ is an IR cutoff and the scale L is a three-
momentum cutoff that separates the regions of “hard”
and “soft” graviton momenta and is chosen to be low
enough to justify the approximation of soft momenta in
a given process. It is important to emphasize that Sc(s)
is independent of J , being common to all PWAs with the
given set of helicities λi and λ
′
i. It is not “physical” be-
cause it does not contribute to the cross section and it is
trivial from the analytical point of view.
We next redefine the S matrix in PWAs by extracting
the divergent phase, S¯(J) = ScS
(J), which also fulfills
that S(J)S(J)∗ = 1. We denote by V (J) the partial-wave
projected Born amplitudes corresponding to S(J),
V (J)(s) = F (J)(s) +
1
2λ/4
8Gs
pi
log
µ
L
, (6)
which is free of the IR divergences [41] affecting the direct
partial-wave projection of the Born term F (J)(s) and, in-
stead, carries a dependence on the IR scale L. A change
of this cutoff produces just a rescaling of the S(J)-matrix,
S
(J)
L′ = S
(J)(L/L′)2iGs. Thus, although the dependence
on L is physically spurious, it shows up in a truncated
perturbative expansion of S(J). On dimensional grounds
one expects L ∝ √s because at O(Gs) this is the only
magnitude with dimension of momentum that is avail-
able to the Feynman diagrams giving rise to the Born
term [32]. Therefore, we define
L =
√
s/a , (7)
where a is expected to be larger than 1, so that L is
appreciably smaller than
√
s. In particular, for the J = 0
PWA one has
V
(0)
22,22(s) =
8Gs
pi
log a , (8)
The Eq. (7) can also be obtained regulating the IR
divergences in dimensional regularization. This requires
introducing two scales: µh related to the arbitrariness in-
troduced when adding hard-graviton modes in the basic
one-loop integral appearing in the exponent of Sc [32, 41];
and µf , appearing in the regularization of the forward
singularity in the partial-wave projection of the Born
terms, c.f. Eq. (4), and using Gd = G (µ
2
f )
d
2−2, where Gd
is the gravitational constant in d dimensions. The rela-
tion is that log a = logµh/µf [41], so that the ambiguity
of log a can be understood as a choice of regularization
scheme.
Unitarized PWAs.–From the unitarity of S(J), the new
T matrix satisfies the two-body unitarity relation
= 1
T (J)
= −pi2
|λ|/4
8
θ(s) . (9)
As we saw in the previous section, the partial-wave pro-
jected Born terms are free from any cut, cf. Eq. (8), and
the corresponding T matrix only has the right-hand cut
(RHC) or unitarity cut as a result of Eq. (9). This en-
ables a simple parameterization of the PWAs which ful-
fills exact two-body unitarity. To simplify the notation
3let us focus on the scattering with λ = 0. It is enough
to introduce an analytical function g(s) in the complex-
s plane with only the RHC and whose discontinuity is
the same as that of 1/T J(s). It can be straightforwardly
built by using a once-subtracted dispersion relation, with
the result [41, 45, 46]
g(s) = a(s0) +
1
8
log
−s
s0
, (10)
We then take the following general expression for a PWA
T
(J)
λ′1λ
′
2,λ1λ2
(s) [47, 48], which automatically fulfills two-
body unitarity, Eq. (9),
T
(J)
λ′1λ
′
2,λ1λ2
(s) =
[
R
(J)
λ′1λ
′
2,λ1λ2
(s)−1 + g(s)
]−1
. (11)
Unless strictly necessary, in the following we suppress
the helicity subscripts of T (J) and R(J). The function
R(J)(s) has no two-body unitarity cut because this is
fully accounted for by g(s). Following Refs. [46, 48] we
obtain R(J)(s) by matching T (J)(s) in Eq. (11) to its
perturbative calculation order by order within the low-
energy EFT for gravity. Then, at LO one has that
R(J) = V (J) +O ((Gs)2) . (12)
The issue of determining a priori a value for the sub-
traction constant a(s0) at the scale s0 has been already
discussed in QCD, e.g. regarding the σ or Λ(1405) res-
onances [48, 49]. The point is to compare g(s) with its
result evaluated with an UV cutoff Λ2, gc(s) =
1
8 log
−s
Λ2 +
O(s/Λ2). Identifying s0 with the cutoff squared in
Eq. (10) and matching the expressions for g(s) and gc(s),
it follows that a(Λ2) = 0 [41].
We are left with determining the cutoff Λ that, gen-
erally speaking, corresponds to the UV scale suppress-
ing the higher-dimension operators in the EFT [50, 51].
Combining Eqs. (11) and (12) the unitarized amplitude
can be expanded to next-to-leading order as,
T (J) = V (J)
(
1− V
(J)
8
log
−s
Λ2
)
+O ((Gs)3) . (13)
A value of the cutoff Λ can be thus estimated by assum-
ing that the correction has the expected size in the EFT
expansion, s/Λ2. For definiteness let us take V (J=0)(s),
Eq. (8), and then we find that the unitarity cutoff is
Λ2 = pi(log aG)−1. In the literature one can also find
similar estimates for the unitarity cutoff based on the re-
lation T
(0)
22,22 = − 4ipi (ηe2iδ−1) for s > 0 in terms of a phase
shift δ and the inelasticity parameter η (0 ≤ η ≤ 1). It is
important to point out that cutoffs derived from unitarity
considerations within the EFT do not correspond, neces-
sarily, to the fundamental scale of its ultraviolet comple-
tion [30].
The graviball.– Poles of PWAs correspond to bound
states, anti-bound (also called virtual) states and reso-
nances. The first ones lie in the physical or first Riemann
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FIG. 1. The modulus squared of 1/D(0)(s) is plotted for J = 0
as a function of s in units of Λ2. The solid line represents the
unitarized result and the dashed line the perturbative one.
sheet (RS) and we do not find them in our present study.
Both resonances and anti-bound occur as poles in the sec-
ond or unphysical RS. To look for them, the expression
(11), can be analytically continued to the second RS, so
that g(s) in the 2nd RS becomes gII(s) = g(s)− ipi/4.
Let us discuss the pole positions in J = 0. The PWA
T
(0)
II (s) has a resonance pole in the second RS at sP ,
whose position satisfies the secular equation,
1
ωx
+ log(−x)− i2pi = 0, (14)
where x = sP /Λ
2, and
ω = Λ2
G log a
pi
(15)
is the ratio between the fundamental and unitarity cut-
offs. For ω = 1,
sP = (0.07− i0.20) Λ2 ' −i 2
3pi
Λ2 . (16)
We call this resonance the graviball. Let us stress that
the real part of sP is much smaller than its imaginary
part, so that the resonance effects would peak at values
of s much lower than Λ2.
This is shown in Fig. 1 where we plot the mod-
ulus squared of the Omne`s function 1/D(0)(s) =
T (0)(s)/V (0)(s), which drives the final- and initial-state
interactions in the corresponding graviton-graviton PWA
[52]. For instance, one could think of a situation where
multiple gravitons are produced by an energetic source so
that a pair of gravitons with quantum numbers (J, λ
(′)
1−2)
rescatters with some energy distribution. This is also the
function that controls the exchange of graviton-graviton
states with such quantum numbers between initial and
final states, or from external sources that couple to this
system. We clearly observe a resonant shape with an s
dependence dominated by the pole sP in the complex-
s plane, Eq. (16). We also compare 1/|D(0)(s)|2 in the
lower-energy region to its perturbative expansion up to
4linear terms in s, which completely fails in providing the
right resonant shape even for s & 0.1Λ2.
Given the fact that, as J increases, the corresponding
pole positions move further apart from the physical s axis
than the discussed pole for J = 0 [41], we only focus on
the latter in this work.
The scale Λ2.– In the analysis of the resonance done
above we have assumed that the cutoff of gravity is close
to the one estimated by unitarity considerations, ω = 1.
Increasing ω from 1 displaces the pole closer to the real
s axis and the resonance becomes lighter and narrower.
For ω & 10 the real and imaginary parts of the pole are
of the same order of magnitude and its absolute value
monotonically decreases with ω reaching the limit x→ 0
when ω → ∞. A possible way to accomplish ω  1 is
by considering scenarios with a large number N of light
degrees of freedom [30, 41]. These contribute with their
two-particle cuts to the unitarity relation in Eq. (9) and,
thus, with a factor N multiplying g(s) in Eq. (10). Ul-
timately, this leads to a reduction of the unitarity cutoff
Λ2 by a factor 1/N . Note, though, that there are argu-
ments suggesting that the fundamental cutoff of gravity
decreases by a similar factor [14, 29, 36, 53, 54], and one
recovers ω ≈ 1. In any case, the graviball becomes nar-
rower and lighter as N increases.
If the cutoff of the theory is smaller than the unitar-
ity one then ω < 1, the pole moves further out in the
complex-s plane and for ω . 0.2 its position is such that
|sP | & G−1, where our approach rooted in the EFT be-
comes clearly model dependent.
Estimate of log a.– The unitarity cutoff, and the abso-
lute position of the pole, eventually depend on the pa-
rameter log a resulting from the treatment of the IR di-
vergences. From its definition in Eq.(7) one expects that
log a ' O(1) although it is not possible to predict its
value from perturbative calculations. One also expects
that the impact on the results will diminish with higher-
order unitarized PWAs [7, 32]. Lacking them, in Ref. [41]
we have developed a method to estimate an optimal log a
by extending our analysis to d > 4.
The scattering amplitude is IR-finite for d > 4 and
there should be a minimal noninteger dimension dc be-
low which perturbation theory stops being reliable in the
sense that contributions diverging at d → 4 start to be
larger than finite contributions at the same order in Gs.
When applied to the phase Sc in dimensional regulariza-
tion, this leads to the following criterion to find dc,
2
d− 4 =
∣∣∣∣2 log a− γE − 2d− 2 log xd/2−1Γ(d− 3)2yΓ(d/2− 2)
∣∣∣∣ . (17)
Here we have defined y = µ2fG
−1 and the position of
the pole in d dimensions is sP = xΛ
2
d, where Λ
2
d =
4piG−1y(Γ(d − 3)yΓ(d/2 − 2)) 2d−2 is the unitarity cut-
off in d-dimensions and x satisfies the secular equation
1/xd/2−1 + log(−x) − 2ipi = 0. Thus, we obtain a value
of dc > 4 for each pair of log a (which controls the po-
sition of the pole at d = 4 through Λ) and µf (which
controls the extrapolation of Gd and the PWA to d > 4).
Then we introduce a condition of maximum smooth-
ness when moving from dc down to d = 4 and which is
based on requiring that the properties of the scattering
amplitude at both points are as close to each other as
possible. We implement this by defining a measure of
the differences r = |Λ2dc − Λ2|/Λ2 and by minimizing it
with respect to log a and y.
Interestingly, r has a minimum for log a ≈ 1 in the
(log a, y) plane (with y ' 0.1), in agreement with our
expectations that log a = O(1). According to Eq. (16)
this leads to a pole at d = 4 whose absolute position is
sP ' (0.22− i 0.63) G−1, (18)
providing support for the existence of a subplanckian
graviball in pure gravity. In addition, for log a ' 1 the
unitarity cutoff Λ ' piG−1, and a dimensional estimate
of the higher-order corrections to sP gives a typical size
|x| ' 2/3pi ≈ 20%.
Importantly, in Ref. [41] we have successfully checked
the previous method by estimating log a in a non-trivial
quantum mechanical toy model, which is exactly solv-
able and shares key features with the analyzed case of
the graviball. This model has a Born term given by
the Coulomb-scattering one times E2/M2, where E is
the non-relativistic kinetic energy and M is a UV mass
scale. The J = 0 PWA is the same as F
(0)
22,22(s) in Eq. (4),
except for a global factor. By dealing with the IR diver-
gences and unitarizing the model as we did before, our
method predicts that log a ≈ 1/2, which is precisely the
right value to reproduce the lightest pole positions of the
exact solution. The spirit of this method is similar to
the one of optimized perturbation theory [55–57], which
implements the principle of minimal sensitivity to fix a
renormalization scale.
Analogy with the σ.– There are important similari-
ties between the graviball and the lightest resonance of
QCD, the σ [58, 59]. First, the interactions among pi-
ons in the chiral limit, as well as those for gravitons, are
constrained by low-energy EFTs [6, 24–28, 60–62]. The
S-wave isoscalar pipi scattering amplitude in the chiral
limit at LO is V
(0)
pipi (s) = s/f2pi , with fpi the weak pion
decay constant. This PWA is analogous to V (0)(s) in
Eq. (8). The unitarization of this amplitude [41, 63]
leads, by an expression equivalent to Eq. (11), to the
pole of the σ, sσ, which fulfills the same secular equa-
tion as Eq. (14) in terms of xσ = sσ/Λ
2
pi. For pipi scat-
tering Λpi = 4pifpi is both the unitarity and fundamen-
tal cutoff of the pion EFT [50]. In absolute units the
pole position lies at sσ = 0.08 − i 023 GeV2, which is
located deep in the complex-s plane and has a small real
part (features that persist almost untouched when tak-
ing the physical pion masses [41, 64, 65]). This implies
that its resonance effects peak for s Λ2, as clearly ob-
served experimentally in the two-pion invariant mass dis-
tributions for D+ → pi−pi+pi+ [66–68] or J/Ψ→ ωpi+pi−
[69, 70]. Therefore, the dynamics of S-wave pipi scattering
are strongly influenced by this resonance even at energies
5much lower than the cutoff of the EFT, and similar ef-
fects are expected mutatis mutandis for the graviball in
graviton-graviton scattering for ω & 1.
Summary and outlook.– We have developed a unita-
rization formalism for calculating partial-wave ampli-
tudes in the presence of infinite-range forces. This for-
malism has been applied to pure general relativity to
study graviton-graviton scattering in partial waves by
unitarizing the Born terms. We have concluded that
the J = 0 partial-wave amplitude has a pole at sP ≈
−i2/3G−1 corresponding to a graviton-graviton scalar
resonance with vacuum quantum numbers JPC = 0++
that we call the graviball. This resonance would drive
to graviton-graviton rescattering effects in S wave, and
peaks at a value of s G−1.
Interesting future directions of investigation include
unitarizing subleading graviton-graviton scattering am-
plitudes. These processes at one and two-loop level are
known in the literature with different matter content,
e.g. [71–74]. Similarly, string theory amplitudes may be
used for this purpose, see e.g. [15, 75] or other inputs
from other candidates to UV complete theories of grav-
itation, e.g.[76–81]. Let us notice that our unitarization
formalism could be extended to coupled channels involv-
ing other (massive) particle species. Similarly, even if our
methods are not able to cure the problems with gravita-
tional amplitudes that hindered the application of the
S-matrix program to gravitational amplitudes [12, 82–
84], they may provide an inspiration for possible new
approaches. Possible phenomenological signals of this
scalar resonance, e.g. in primordial gravitational waves,
in theories with low gravitational cut-off or large number
of degrees of freedom, are also worth exploring.
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